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Abstract. We investigate the Poisson geometry of the Marsden-Weinstein reductions of 
the moment map associated to the cotangent bundle of the space of representations of a 
quiver. We show that the stratification by representation type equals the stratification by 
symplectic leaves. The deformed symplectic quotient singularities - spectra of centres of 
symplectic reflection algebras associated to a wreath product - are shown to be isomorphic 
to reductions of a certain quiver. This establishes a method to calculate when these defor- 
mations are smooth. Furthermore, the isomorphism identifies symplectic leaves and so one 
can give a description of their symplectic leaves in terms of roots of the quiver. 



1. Introduction 

1.1. The representation theory of quivers is a fundamental topic in modern algebra. An 
interesting area in this subject has been the study of the geometry of the moment map, 
or, equivalently, the representation spaces of deformed preprojective algebras, with appli- 
cations to Kleinian singularities and differential equations. Many interesting results have 
been obtained using the combinatorics of root systems for quivers, see j7j for example. We 
take a different point of view and examine the symplectic geometry of the moment map. In 
particular we describe the symplectic leaves of these Marsden-Weinstein reductions. 

We apply these results to symplectic reflection algebras. These were introduced by Etingof 
and Ginzburg in ^H] and are a beautiful class of algebras which have connections with 
algebraic geometry, integrable systems and combinatorics. At parameter t = the spectra 
of the centres of these algebras are Poisson deformations of symplectic quotient singularities. 
The symplectic leaves tell us valuable information about these varieties and also about the 
representation theory of the corresponding symplectic reflection algebras, [2]. By using 
quivers we can calculate, in a large class of examples, the symplectic leaves in terms of the 
relatively well understood theory of roots. 

1.2. We summarise our results; full details and definitions are given in later chapters. Let 
Q be a quiver with vertex set / and set of arrows. A, and let Q be the double quiver of Q. 
Let A G C^. Then we define the deformed preprojective algebra 



The variety 

Rep(nA,a) C ^Mat{ah{a) x C) = Rep(Q,a) 



classifies the representations of IIa witli dimension vector a G wliere A ■ a = 0. Tlie group 

G(«) = (n<^L(a„C))/C" 

i&I 

acts on Rep(nA, a) by basecliange. Tlie points of tlie algebraic quotient, 

7V(A,a) := Rep(nA,a)//G(a), 

correspond to isomorphism classes of semisimple representations of IIa of dimension a. If 
M is a semisimple IlA-module then we can decompose it into its simple components M = 
Mf^^ © ■ ■ ■ © M®^- where the Mt are non-isomorphic simples. If Z?^*-* is the dimension vector 
of Mt, then we say M has representation type 

One can therefore stratify A/'(A, a) by representation type. 

1.3. The variety A/'(A, a) occurs as the quotient of a fibre of the moment map and therefore 
has the structure of a Poisson variety. Any Poisson variety decomposes into the disjoint 
union of symplectic leaves, see jH]. For A/'(A, a) we show that this has a straightforward 
description. 

Theorem. The stratification of A/'(A, a) by representation type equals the stratification by 
symplectic leaves. 

We note that one can describe Af{X, a) as a version of the quiver varieties introduced 
by Nakajima, Remark 16.71 Our approach of considering the Poisson geometry of these 
reductions has been put into a more general framework through recent work of [9, and |30j. 

1.4. We apply Theorem 11.31 to symplectic reflection algebras, these are defined in Section 
|7| Let r be a finite subgroup of SL{2, C) and let n > 1 be an integer. Let He be the 
symplectic reflection algebra (at parameter t = 0) for the wreath product = 5*^ ix F", 
and let Zc denote its centre. The variety MaxZc is Poisson. The connection to quivers is 
via the McKay correspondence: to the group F we associate a quiver, Qr, by choosing an 
orientation of its McKay graph. The quiver, Q, is obtained from by adding one vertex 
and one arrow from this vertex to an extending vertex of Qr- We establish the following. 

Theorem. For the quiver Q, a dimension vector a and a parameter A G depending on c 

^^{\,a) = MaxZc. 

This isomorphism is Poisson up to nonzero scalar multiple and in particular maps symplectic 
leaves to symplectic leaves. 

Crawley-Boevey and Holland proved this theorem for finite subgroups of SL(2, C), see |im 
Theorem 0.2], although they do not mention Poisson structures, and our result can be seen 
as an extension of theirs. In fact, our proof is based on a result of Etingof and Ginzburg 
|13| Theorem 11.16] who prove Theorem 17.41 with the extra condition that the parameter c 
is generic. The definition of the dimension vector a and deformation parameter A used in 
the above theorem are given in 16.71 where they are written e^o + nS and A'(c) respectively. 
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1.5. The proof of Theorem 11.41 is rather comphcated and involves several stages. The 
Calogero-Moser space, Xd / G(n5), defined in 16.21 plays an important role as does its equiv- 
alent description Xd / G(n5), see 16.51 We can break down the isomorphism of Theorem 
11.41 into the sequence of isomorphisms. In the diagram below the superscripts indicate the 
subsection in which the corresponding isomorphism is proved: 

U{K a) ^ Xe/ / G{n5) ^ XJ/ G{n5) -B Max Z,. 

All of the above maps are Poisson except the final one which is only Poisson up to nonzero 
scalar multiple. 

1.6. The symplectic leaves of MaxZc are an important in the representation theory of He- 
Brown and Gordon proved in O Theorem 4.2] that if two maximal ideals m and n of lie 
in the same symplectic leaf then the factor algebras Hc/vciHc and Hc/nHc are isomorphic. 
Therefore understanding the leaves is useful in studying the irreducible representations of 
He- We have the following consequence of Theorems 11.31 and II .41 

Theorem. There is a one-to-one correspondence between the symplectic leaves o/MaxZc 
and the representation types of J\f{X,a). 

Therefore, using Crawley-Boevey's work on root systems and dimension vectors of simple 
modules for 11^, 0, one can use linear algebra to calculate information about the symplectic 
leaves of MaxZc, see 15.121 

1.7. We organise our paper as follows. In Section |^ we recall facts about Poisson varieties 
and symplectic leaves. The moment map and the Marsden-Weinstein reduction procedure is 
discussed in Sectional We examine the special case of reductions for symplectic vector spaces 
with a hyper-Kahler structure in Section 01 identifying the symplectic leaves in Proposition 
14.91 We then apply these to results to representations of deformed preprojective algebras 
in Section El to prove Theorem 11.31 The proof of Theorem 11.41 occupies Sections IHl and [7| in 
which we also introduce Calogero-Moser space. We calculate the example of the centre of 
the rational Cherednik algebra of type Bn in Section |H1 computing the parameters at which 
MaxZc is singular and also the number of symplectic leaves and their dimensions. 

2. Poisson varieties and symplectic leaves 

2.1. Poisson algebras. Throughout we work over the complex numbers. Thus varieties 
and manifolds are complex, and symplectic form will mean complex symplectic form, unless 
stated otherwise. In this section we introduce the notions of Poisson varieties and manifolds 
and the stratification by symplectic leaves. 

Let A be a commutative C-algebra. A is a Poisson algebra if there exists a C-bilinear 
bracket { — ,— }: A x A ^ A such that 

(1) {A, { — ,—}) is a Lie algebra; 

(2) {— , — } satisfies the product rule, that is, {a, be} = {a, b}c-\-b{a, c} for all a,b,c E A. 

Let I be an ideal of a Poisson algebra R. Then J is a Poisson ideal if {R, 1} ^ I. A 

homomorphism (p : A ^ B between Poisson algebras {A, { — , —}a) and {B, {— , —}b) is called 

Poisson if 4>{ai,a2}A = {^(^i), 0(«2)}b for all ai,a2 G A. 
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2.2. Poisson varieties. We say that an algebraic variety, X, witli structure sheaf O, is a 
Poisson variety if (9 is a sheaf of Poisson algebras such that the restriction homomorphisms 
are Poisson. As an example, given any finitely generated Poisson algebra A, let Max A 
denote its set of maximal ideals endowed with the structure of an algebraic variety. Then 
Max A is a Poisson variety, as is any open subvariety of Max A. We say that a morphism 
ip : X Y between Poisson varieties X and Y is Poisson if for all open t/ C y, ip^j : 
Oy{U) —>■ Ox{'ip~^{U)) is Poisson. If X and Y are both affine varieties then ip is Poisson 
if and only if the comorphism ip'^ : Oy(Y) Ox{X) is a Poisson homomorphism. For any 
/ G 0{X) the Hamiltonian vector field of f is the derivation, {/, — }, of 0{X). 

2.3. Let M be a smooth affine algebraic variety, and denote its structure sheaf by O. 
We say that M is a symplectic variety if it comes equipped with nondegenerate closed 2- 
form, uj. A symplectic variety {M,uj) gives rise to a Poisson bracket on 0{M) as follows. 
Let Vect(M) denote the Lie algebra of vector fields on M. Nondegeneracy of u means 
that there is a C-linear map 0{M) Vect(M);/ i— > 2/ where is the unique vector 
field such that uipEf,—) = df. For all f,g & 0{M) we define the bracket of / and g by 
{f,g} = "^fg = ujCEfjSg). This is a Poisson bracket by Proposition 5.5.3]. Hence M is 
a Poisson variety and is the Hamiltonian vector field of /, see 12.11 above. 

2.4. Poisson manifolds. For a manifold, M, we denote the algebra of holomorphic func- 
tions defined on M by C{M). We say that M is Poisson manifold if C{M) is a Poisson 
algebra. A smooth map f : M ^ N between Poisson manifolds is called Poisson if the 
corresponding algebra homomorphism /* : C{N) — > C(M) is a Poisson homomorphism. Any 
symplectic manifold is a Poisson manifold - the argument for showing that symplectic va- 
rieties are Poisson varieties works for manifolds also. For any / G C(Af) we define the 
Hamiltonian vector field of / to be the derivation of C(M) given by {/, — }. 

A smooth Poisson variety, X, is naturally a manifold. The existence of a Poisson bracket 
on 0{X) is equivalent to the existence of a bivector 9 : X T^X which is a section to the 
bundle map and satisfies [6, 6] = 0. Here TX is the tangent bundle of X and [— , — ] is the 
Schouten bracket. Considering the bivector as complex analytic yields a Poisson bracket on 
C{X), making X a Poisson manifold. 

2.5. Let M be a Poisson manifold. 

Definition. The symplectic leaf S (p) containing a point p of M is the set of points q which 
are connected to p by piecewise smooth curves, each segment of which is the integral curve 
of a Hamiltonian vector field. 

Therefore to find the symplectic leaf containing p one works out all the points one can 
reach by travelling along integral curves of Hamiltonian vector fields at p. For each such 
point, q, connected to p in this way one repeats the process, finding the points one can reach 
by travelling along integral curves of Hamiltonian vector fields at q. Then one continues this 
process until the symplectic leaf is swept out. 

2.6. The rank of p is equal to the dimension of the subspace of TpM spanned by the 
Hamiltonian vector fields evaluated at p. For Poisson manifolds M and N such that N O M 
we shall say that X is a Poisson suhmanifold of M if the inclusion map is Poisson. 

The proof of the following theorem, under some additional hypotheses, goes back to Lie, 
and the general case is due to Kirillov, ^7] ; for a proof in the complex case see |lj Theorem 
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3.26]. Further discussion about symplectic leaves can be found in Section 10] and in 

m- 

Theorem. M is a disjoint union of its symplectic leaves. Each leaf is a symplectic manifold 
which is a Poisson suhmanifold of X and the dimension of the leaf through p is equal to the 
rank of p in M. 

2.7. Suppose that X is a smooth affine Poisson variety. Then, as described in 12.41 X is a 
Poisson manifold so one can stratify X by symplectic leaves. Although X is an algebraic 
variety it is quite possible that the leaves are not algebraic varieties, see |Hl Remarks 3.6 (1)]. 

Now suppose that X is not necessarily smooth; we can stratify X by symplectic leaves, 
as described in |3, §3.5], as follows. Let Uq be the smooth locus of X. Then, since X is 
affine, Uq is a smooth Poisson variety and so is a Poisson manifold. We can stratify Uq by 
symplectic leaves, say Uq = UieXo ^^fi- Now we proceed inductively by setting Xq = X and 
defining = Xk_i \ Uk-i for k > 1. X^ is an affine Poisson variety by Proposition 
15.2.14(1)], so one can, as above, stratify the smooth locus, f/^, of by symplectic leaves, 
= UiGXfc '^i,k- Then 

X = UoU---UUt (1) 

for some t and we call 

X = I I <Si^k 

0<k<t 

the stratification of X by symplectic leaves. 

2.8. We say that a closed subvariety, Y, of X is Poisson if the inclusion F X is Poisson. 
This is equivalent to the condition that the defining ideal of F is a Poisson ideal. 

Proposition. [3 Proposition 3.7] If Y is a closed Poisson subvariety of X and S is a 
symplectic leaf of X then SCiY ^ ^ implies that 5 C y . Furthermore, if X is a finite union 
of symplectic leaves then each leaf is an irreducible locally closed smooth subvariety of X. 

3. The moment map 

3.1. For details of the following see j6j §1.4]. Let (M, a;) be a symplectic variety as in 12.31 
and suppose that a reductive algebraic group G acts by morphisms on M preserving the 
symplectic form. Let g be the Lie algebra of G. 

A vector field X is symplectic if it preserves the symplectic form on M, that is, Lx^^^ = 0, 
where Lx is the Lie derivative with respect to X. We denote by Symp(M) the Lie subalgebra 
of symplectic vector fields on M. 

Proposition. [HI Proposition 1.2.5] Sf is a symplectic vector field for all f G 0{M), and the 
map f \—>- Sf defines a Lie algebra homomorphism {0{M), {— , — }) {Symp{M), [— , — ]). 

Recall the infinitesimal action of g on 0(M): for each x e g and / G 0{M) , xmW) ■ = 
-T:{exp{tx) o f)\t=Q. The operator derivation of 0{M) and so defines a map g — ^ 

Vect(M). This map is a Lie algebra homomorphism, Proposition 9.3.6], and one can 
easily check that its image is contained in the space of symplectic vector fields. 

The G-action is said to be Hamiltonian if there exists a Lie algebra homomorphism H : 
g — > (0(M), { — , — }) such that the following diagram commutes: 
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H 

0{M) -Symp(M). 

Suppose that the G-action is Hamiltonian and let = H{x) for all x G g. The moment 
map /i : M — > g* is the morphism of algebraic varieties defined by fi{m){x) = Hrc{m) for all 
m & M and x G g. 

Example. Recall that the coordinate ring, 0{q*), of g*, equals the symmetric algebra Sg 
of g. The algebra Sg has a canonical Poisson bracket induced from the Lie bracket on g. 
One can calculate the infinitesimal action of g on Sg (see [21], Examples (c), Page 272): for 
X G g and / G g, Xg*(/) = [x, /]. The action of G is Hamiltonian, with = x for all x G g, 
and the corresponding moment map is /i = Idg* . 

Let £ be a closed orbit (under the coadjoint action) in g*. Let / be the defining ideal 
of C Then J is a Poisson ideal of Sg so that £ is a Poisson variety. In fact this makes 
C a symplectic variety, fS', Proposition 1.3.21]. Now for all x G g, X£ is the derivation of 
0{C) = Sg/I given by xc{f + 1) = [x, f] + I for all / G g C Sg. One sees that the action of 
G on £ is Hamiltonian with Hx = x + I and the corresponding moment map is simply the 
inclusion C --^ g*. 

3.2. The moment map has the following properties. 
Proposition. jHl Lemma 1.4.2] The map 

/i« : C[g] ^ 0{M) 

induced by fi is a Poisson homomorphism, and if G is connected then n is G-equivariant 
(relative to the coadjoint action on g*). 

3.3. In general it is interesting to know whether a group action on a symplectic variety is 
Hamiltonian. In the linear case this is known. 

Theorem. 6, Proposition 1.4.6] Let V be a symplectic vector space with symplectic form uo 
and let G be a reductive algebraic subgroup of SpV. Then the action is Hamiltonian with 
Ha{v) = |^(^ ■ "^j"^) /o?" all A G Lie G and v E V and the corresponding moment map is 
G-equivariant. 

3.4. Reduction. Many of the varieties which appear in this paper arise as quotient spaces 
of fibres of a moment map, and we shall see now how these spaces carry a Poisson structure. 
Let (M, a;) be a symplectic variety and let the reductive algebraic group G act by morphisms 
on M preserving u. Suppose this action is Hamiltonian and that the corresponding moment 
map /i is G-equivariant. Let £ be a closed orbit under the coadjoint action of G on g*, with 
defining G-stable ideal J < C[g]. Then fi~^{C) is a G-stable closed subvariety of M, with 
defining G-stable radical ideal I < 0{M). 

We consider the quotient variety Mjr := fi^^{C)/ /G, which we call a Marsden-Weinstein 
reduction. The double lines indicate that we consider closed orbits, in other words points in 
the maximal ideal spectrum of 0{fi~'^{C))'~^ . Let { — , — } be the bracket on 0{M). Since G is 

reductive so one can define a bracket on (0(M)/J)'^ by defining 
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one on 0{M)^/I^. Define a bracket, {-, -}', on 0{M)^/I^ by {/+/^, g+P]' = {/, g}+I^ 
for all f,ge 0{Mf. 

Proposition. The bracket {—, —}' is well-defined and is a Poisson bracket on 0{Mc). 

Proof. The bracket {—,—}' will clearly yield a Poisson bracket as long as it is well defined. 
To see this we note first that {/, g} G 0{M)'^ for all f,g& 0{M)'^. It remains to show that 
is a Poisson ideal of O(M)'^. 

For all X G 0, = x o ^ and if we evaluate this at an element of m G M we see that 

(xo/i)(m) = x{H^{ni)) = H^{ni). In short, ^i\x) = and it follows that /' := 0{M)ii\j) 
is generated by polynomials in the Hx- 

Now, if / G 0{M)^ then h ■ f = f ioi aW h e G and therefore Xuf = ^ for all x G 0. 
Thus {Hx, /} = xuf = and, by the product rule, {/, i} G /' for all i G /'. Therefore /"^ is 
a Poisson ideal of 0{M)'^. Finally, I = \fT' implies that J*^ = V /"^, and so is a Poisson 
ideal of 0{M)^ by TT, 3.3.2]. □ 

Example (Rank one matrices). Let M„ = Mat(r;, x C) which is the Lie algebra of 
GL(n, C). Mn can be identified with with its dual via the trace pairing and in this way 
becomes a Poisson variety as in Example 13. 11 One can describe (9(M„) as C[xjj : 1 < "i, j < "n,] 
and then its Poisson bracket is = —Sj^xu + Sux^j- 

Let Ri be the subvariety of Mn consisting of matrices whose rank is less than or equal to 
/. Thus Ri is the set of matrices whose (/ + 1) x (/ + 1) minors are zero and so is a closed 
subvariety. The defining ideal of Ri is the prime ideal, Ii, of C[xij] generated by the generic 
(/ + 1) X (/ + 1) minors, |31 Theorem 2.10]. We are interested in looking at the matrices whose 
rank is less than or equal to one, that is, the subvariety Ri. By Proposition 15.2.14], Ii 
is a Poisson ideal. 

Let 7^ /c G C and let C M„ be the closed subvariety of matrices whose trace equals k. 
Then T^, has defining ideal (xn + ■ ■ ■ + Xnn — k) <i C[xjj] and a direct calculation shows that 
this a Poisson ideal. From this it follows that f/fc := i?i fl is a closed Poisson subvariety 
of Mn with defining ideal Jk := \/ h + {xu + ■ ■ ■ + Xnn — k) . 

We can describe Uk as a reduction for a moment map, as follows. Let V be an n- 
dimensional complex vector space and consider the symplectic space W = V (B V*. Using 
the usual scalar product on V we can think of V as consisting of column vectors and V* of 
row vectors. We fix bases Ci, . . . , c„ G V and ri, . . . , r„ G V*. There is an action of by 
A ■ (c, r) = (Af , A~^r) for all A G , c G and r G V"*. This action is Hamiltonian, Theorem 
13.31 with moment map fi : W ^ C; fi{c, r) = re, here we identify C with C* = Lie(C^)* via 
the trace pairing. It is an easy calculation to see that 

0{Wf" = {0{V) ® 0{V*) f" = C[ri ® : 1 < i, J < n] 

and then it follows that 

0(/i'^(A:)//C ") = C[r, ® c,]/h 

where Ik := ^(ri ® Ci + ■ ■ ■ + r„ ® c„ — A;) <1 C[rj ® Cj]. One can check directly that Ik is a 
Poisson ideal of C[rj ® Cj], which verifies Proposition 13.41 in this example. 

We now describe the isomorphism between fi~^{k)/ /C^ and Uk- Let G = GL(n, C) which 
acts naturally on V and by conjugation on M„ = Lie(G')*. One obtains an action of G on 
W and the corresponding moment map (Theorem 13. 3|) is 

u -.W Mn, {r,c) r^ceV ®V* = M^. 
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It is clear that the image of v is contained in R\. The map v is equivariant for the action of 
G and therefore also for the action of C^, where is thought of as the subgroup of nonzero 
scalar matrices in G. Therefore, since acts trivially on M„ we get a morphism induced 
from v: 

t : ^i'\k)//C'' ^ Uk, 

whose comorphism is the map 

C[xij]/ Jk ^ C[rj (g) Cj]/4; Xij + Ti® cj + h- 
This is a Poisson isomorphism and so we have described Uk as the reduction fi^^{k)/ /C^. 

3.5. Given a reduction over a closed coadjoint orbit, one can perform the so-called shifting 
trick to express this as reduction over a fixed point. 

Lemma (The shifting trick). Let C be a closed coadjoint orbit of q* and let ^ G 0* 6e 
a fixed point. Then M x —C is a symplectic variety such that the natural action of G is 
Hamiltonian with corresponding moment map fi' : M x —C —>■ g*; (m, x) t— > fi{m) + x. There 
is an isomorphism of Poisson varieties /G = + ^)/ /G. 

Proof. As explained in Example 13.11 —C is a symplectic variety with Hamiltonian G-action 
such that the moment map is just the inclusion —C ^ g*. Therefore the product M x —C 
is symplectic and the action of G on this product is Hamiltonian because it is Hamiltonian 
on each component. To see this one takes the Hamiltonian maps Hi,H2 of M and —C 
respectively and checks that the map H = i^iOl+lOiJa : ^ 0{M x -£) = 0{M)®0{-C) 
is a Hamiltonian for the action of G on the product. The moment map corresponding to H is 
then the sum of the moment maps for M and —C. The projection map M x —C — M is a G- 
equivariant Poisson map and restricts to an isomorphism between The 
G-equi variance of the projection map means that this induces an isomorphism /G = 

fi~^{C + C,)/ /G. This isomorphism is Poisson because the projection map is Poisson and by 
the proposition above. □ 

4. The local normal form for the moment map 

4.1. We discuss a very particular case of reduction which will apply to representations of 
preprojective algebras. Our arguments follow closely those of [21] and [2H1 Section 3]. Let 
M be a finite dimensional complex vector space. Let G be a complex connected reductive 
algebraic group acting linearly on M, and we think of G as the complexification of a compact 
real algebraic group R. Let I : M —>■ M he the map defined by multiplication by a/— 1 and 
let (— , — ) be a real inner product on M which is invariant under the actions of / and R. 
Thus M is a Kahler manifold. Let J, K : M ^ M he M-linear maps preserving (— , — ) and 
satisfying P = = = UK = —Id. This makes M into a hyper-Kahler manifold, [T^ . 

4.2. We have real symplectic forms on M given by uJi{v,w) = {v,Iw), u!2{v,w) = {v, Jw) 
and a;3(f , w) = {v, Kw) for all v,w E M. If we define u = uj2 + luJs then this is a complex 
symplectic form on M. We shall assume that the action of G preserves uj. Let r, q he the Lie 
algebras of R and G respectively. We have two moment maps to consider in this situation. 
The first, /ii : M — r*, is a moment map with respect to ui and is obtained completely 
analogously to that of Theorem 13.31 We also have the moment map /i : M ^ g* with respect 
to UJ which is constructed as in Theorem 13.31 
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4.3. We wish to consider a closed orbit corresponding to a point in ^~^{0)//G, say Gm, 
for some m E /i~^(0). Let H be the stabihser of m in G, and denote its Lie algebra by 
i). Let Tjn{Gm) be the tangent space of m in Gm, and let {Tm{Gm)Y = {v & T^M : 
uj{v,w) = for all w e T^(Gm)}. By US page 324] T^{Gm) C (T^(Gm))^; set M = 
{Trri{Gm)Y /TrniGm). The action of H preserves the induced symplectic structure on M, let 
/i : M ^ [)* be the corresponding i7-equivariant moment map, Theorem 13.31 

We choose an Ad(if)-invariant splitting g = f) © f)"^ and a dual splitting g* = [)* © f)-^*. 
There is a natural action of the reductive group, H, on f)-*-* xMhj h-{^,m) = (Ad*(/i)^, /im). 
The associated bundle {G x f)-*-* x M)/ /if is a symplectic variety with Hamiltonian G-action 
(see j"26. Page 164]) - the G-action is given by x ■ [g,^,m] = [xg,^,!!!] for all x E G. The 
(G-invariant) moment map is given by 

J(if-(^7,e,m)) = Ad*(^7)(e + /x(m)). 



4.4. We shall refer to the following theorem by saying that there exists a local normal form 
for /i. Let T = (G X [)^* X M)//H. 

Theorem. [26, Lemma 3.2.1] Let vr and p be the G-orbit maps for M and T respectively. 
Let y = 7r(m). Then there exist complex neighbourhoods, U, of y and W in (f)"*"* x M)/ jH 
and biholomorphisms ^ such that the following diagram commutes 

Ti-\U)^ p-\W) 
p 

u — -w. 

Furthermore, ^ is a G-equivariant map which intertwines symplectic forms and maps m to 
(if,0,0)GT. 

4.5. Stratifying by orbit type. Let £ be a closed coadjoint orbit in g* and let Z = p^^{C). 
Let Mc denote the corresponding Marsden-Weinstein reduction, Z//G. Let n : Z ^ Mc 
denote the orbit map. 

One can stratify Mc in a natural way. For z E Z let Gz be the stabiliser of z in G. 
Let T be the set of conjugacy classes of subgroups G^ in G. For G Mc denote by T(0) 
the conjugacy class of stabilisers belonging to the unique closed orbit in '7r~^(0). Define 
{Mc)r = {4> e Mc : T{(j)) = t}. We call Mc = UrGr(^^)r the stratification by orbit type. 
For each r E T choose a stabiliser, Gr, representing the conjugacy class r. For all ti,T2 E T 
we write G^ <c G^-j if G^ is conjugate to a subgroup of Gr2- We define a partial order on 
T by Ti > T2 if Gr^ <c Gr^. 

The proposition below is due to Schwarz, another proof can be found in 



Proposition. j2Hl Lemma 5.5] For each r eT the stratum {Mc)t is irreducible and locally 
closed and its closure is [J,y<T-{Mc)u- The stratification Mc = UrGT("^'C)r ^■^ finite. 

We would like to compare the stratification by orbit type to the stratification by symplectic 
leaves. In particular that would require that each stratum is a symplectic manifold. 
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4.6. We shall need a useful lemma. For any if < G let Z(^h) = {z ^ Z : Gzis conjugate to H}. 
For any t ^ T such that {Mc)t is nonempty, we choose some H & t and consider Z(^h)- The 
restriction of vr to Z(^h) is a map whose image contains {Mc)t- 

Lemma. Let t & T and let H E t. Suppose that {Mc)t 7^ 0- Then tt^^{{Mc)(t)) H Z(^h) is 
a nonempty open G-stable subset of Zt^^y 

Proof. Let z G There exists a E T such that 7r(z) G (Mc)^-. Let X^. = \Ji,<:^„{Mc)u 

which is a closed subset of Mc by the proposition above. If the orbit G ■ 2; is closed in Z then 
cr = r by definition of (M^)^.. Suppose that this orbit is not closed. Then a ^ r and the 
unique closed orbit in 7r^^(7r(z)) has dimension strictly less than DimG ■ z by |2ZI Corollary 
13.3.1]. Let K E (T. By comparing dimensions we see that K -^c H and this implies that 
r ^ (7. Therefore {Mc)r n = 0. 

Let S = {a E T : ni^z) G (M^)^ for some z G Z(^h)} and let S' = S \ {r}. By definition 
we have 7r~^(|J^g^ Xg.) fl Z(^h) = Z(^h)- By the proposition above \ {Mc)t is closed in M^. 
Therefore J.gs \ = (^r \ (M^),) U U,e5' is closed in Mc and 

= V)\(7r-i(Ux.\(Af^).)nZ(^)) 

(tG<S 

is open in ^(h)- That this set is nonempty and G-stable follows from the definition of Z(^h) 
and the fact that vr is constant on G-orbits. □ 

4.7. We prove a result crucial to the proof of Theorem 11.31 The following theorem is based 
very closely on Theorem 2.1]. This earlier result was proved over M and for a compact 
Lie group, we provide full details to verify that the result carries over to our situation. 

Theorem. Let C be a fixed point in g* . Then the decomposition Mc = \_\{{Mc)t '■ t £ T} 
is a stratification of Mc into a disjoint union of symplectic manifolds. Let r eT and choose 
H E r. Then the pullback of the symplectic form, {ujo)t, of {Mc)t to 'k^^{{Mc)t) H Z(^h) 
equals the restriction to tt^^{{Mc)t) H ^(h) of the symplectic form u. 

Proof. We first give the proof when £ = 0. Let ( E {Mc)t and Gm C Z he the unique closed 
orbit in 7r^^((^). Let T = (G x f)-*-* x M)//H. By Theorem 14.41 we can work in the model 
space T, that is, there is G-equivariant biholomorphism, intertwining symplectic structures, 
between a neighbourhood of Gm in M and a neighbourhood of G/H x x in T. 

Let T(^) = {y eT -.G y is conjugate to H}, where Gy denotes the stabiliser of y with 
respect to the action of G on T. Let y E '^(h)- Then we can write y = [g,^,rh], and 
for all X E Gy, [xg,C,,'m\ = [(yf,^,m], that is, there exists h E H such that {xg,^,rri) = 
{gh~^, Ad* (h)^, km). By considering the first component of y we deduce that g~^Gyg = H, 
and therefore for all h E H, Ad*(/i)^ = ^ and km = rh. It follows from Theorem 13.31 that 
hrh = m for aX\ h E H implies /i(m) = 0. Therefore 

J"^(0) n T(i^) = {[g,i,m\ : Ad*(/i)^ = ^^hm = m for all h E H and ^ + /x(m) = 0} 
= {[(7, ^, m] : ^ = and hrh = rh for all h E H} 

= (G X Mh)//H = G/H X Mh, 
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where Mh is the subspace of fixed points of M, which is a symplectic subspace of M. 

We note that the map \^ from Theorem 14.41 maps points of Z(^h) to J~^(0) n '^(h)- Thus 
the calculation of the previous paragraph and the local normal form imply that Zf^n) is a (not 
necessarily connected) submanifold of M . By Lemma l^^ for any nonempty open U C (M£)t-, 
■K^^iJJ) n Z(^H) is a nonempty open G-stable subset of Z(^Hy Therefore by Theorem 14.41 we 
have open sets U C {Mc)t- and W C Mh and a commutative diagram 

■K-^{U)r}Zi^H)^^G/H xW (2) 



p 



u 

where \l/ are biholomorphisms, \I' is G-equivariant and intertwines the restrictions of the 
symplectic forms to Z{^h) and G/ H x M^, and p is the projection map. 

Now using the map \1/ we can give {Mc)t the structure of a symplectic manifold. Note 
that by Proposition 14.51 (MA^ is irreducible and therefore connected. The statement about 
the pullback of (tuo)r follows from Q since the pullback by p of the symplectic form on W 
equals the restriction of the symplectic form of T to G/H x W . 

For a general fixed point C we use the 'shifting trick' of Lemma f3. 51 to reduce to the case 
above. £ is a symplectic variety in a trivial way, so we form the product M x — £, which is 
a symplectic variety with moment map /i'(m, — £) = /i(m) H — C The local normal form for 
/i' will exist because it does so for /i, and we can identify /i'^^(O)/ /G with fi^^{C)/ /G. □ 

4.8. We can define a bracket, {— , — }i, on 0{Mc) in the following way. Let f,gE 0{Mc) 
and p e {Mc)t for some t eT. Then {f,g}i{p) = {f\^, g\^}T{p) where denote the 

restrictions to {Mc)t of / and g respectively and { — , —}r is the Poisson bracket induced 
by the symplectic form, {ujq)^-. It is not clear that this is a Poisson bracket on 0{Mjr); we 
remedy this below. Let dTiz denote the differential of vr at z G For the 2-form (ti;o)r on 
{Mc)t we denote by 7r*(a'o)r the pullback of (co'o)t by vr. The following proposition is based 
on Proposition 3.1]. 

Proposition. Let { — , — }2 denote the Poisson bracket on 0{Mc) defined in 3^7 Then 

{-,-}l = {-,-}2. 

Proof. Let f,g E 0{Mc)- Let t ^ T, H & t and po G {Mc)r- It suffices to show that 
{/;fl'}i(Po) = {/)5'}2(Po)- Let Gp be the unique closed orbit in 7r^^(po) so that p G Z(^Hy Let 
f ,g & 0{M)^ be such that f + I'^ = f and g + I'^ = g where / is the ideal of functions in 
0{M) vanishing on Z. Then {f,g}2{po) = {f,g}{p)- 

Let S = '7r~^((M£)T-) fl Z(^h)- The proof of Theorem 14. 71 shows that S" is a submanifold of 
M. It follows from |^ Proposition 10.5.2] that for any z G Z(^h) travelling along the integral 
curve to '^j{z) preserves stabiliser type, that is, this integral curve is contained in M(^h)- 
Proposition 13.41 implies that this integral curve is also contained in Z. Therefore "^jiz) is 
contained in the tangent space to z in S. 

Let [f\s] denote the germ of / around p in S, and let [/|t-] denote the germ of / around 
Po in {Mc)t- By Theorem 14. 71 we have ti;|^ = 7r*(ct;o)(r) and so for all G TpS, 

{d7rp{(j))){[f\r]) = (j){[f\s]) = uj{Ej{p),(f)) = 7r*(aJo)(r)(5j^(p),0) = {uJo)(T){d7rp{Ef-{p)),d7rp{(j))). 
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It is shown in the proof of Theorem 14 . 71 that the map n : S ^ {Mc)t is a (complex analytic) 
fibration of type G/H. Thus the differential diip : TpS Tpg{{Mc)T) is surjective. Therefore 
dnp(Ej{p)) = Ef^^i^po) (the latter Hamiltonian vector field being defined with respect to 

By definition of the bracket {-, -}i we have {/,5'}i(Po) = {^^o)\r){-fwiPo),'^g\^{Po)), and 
then one calculates 

{f,9}i{Po) = {uJo)(r){^f\APo),^g\riPo)) = i^0)ir){d7lp{Ej{p)),d7lp{Eg{p))) 

= 7r*(u;o)(r)(S/(p),H3(p)) = uj{Ef{p),Eg{p)) = {f,g}{p) = {f,g}2{po)- 

□ 

4.9. We can now describe the symplectic leaves of Mc- We refer to the Poisson bracket on 
0{Mjr) from the proposition above by { — ,—}• 

Proposition. The orbit type strata (M^)^ are the symplectic leaves of Mc- There are finitely 
many symplectic leaves and they are irreducible locally closed subvarieties. 

Proof. Let r ^ T. The set X = [J^<T.{Mjr)r is closed by Proposition 14.51 Let / be the 
ideal of functions vanishing on X. Let x G X so that x G {Mc)v for some v < t. For any 
/ G 0{Mc) and i e I we have {f,i}{x) = {f\^,i\jty{x) = {f\^,0}^{x) = 0, that is, / is 
a Poisson ideal of 0{Mc). Therefore the radical of / is a Poisson ideal of 0{Mc) by fTJ 
3.3.2]. Thus X is a Poisson subvariety of Mc- 

On the other hand, the set X' = X \ {Mc)t is closed and an identical argument to that of 
the previous paragraph shows that it is a Poisson subvariety of M^. Let p G {Mc)t and let 
S be the symplectic leaf through p in M^. If 5 fl X' 7^ then 5 C X' by Proposition 12.81 
but this cannot happen because p ^ X'. Therefore S C X \ X' = (M^)^. 

Since {Mc)t is a symplectic manifold Tp{Mc)t is spanned (in the notation of the propo- 
sition above) by the set {{/, —}2{p) '■ f G 0{Mc)}- As we have shown above, {/, — }2(p) = 
{/, — }i(p) for all / G 0{Mc) and so Tp{Mc)t is spanned by Hamiltonian vector fields for the 
Poisson bracket on 0{Mc)- Our choice of p G {Mc)t was arbitrary and {Mc)t is connected 
by Proposition 14.51 so we deduce that {Mc)t ^ <S- Therefore the {Mc)t are the symplectic 
leaves of Mc and their properties are a consequence of Proposition 14.51 □ 

5. Deformed preprojective algebras 

5.1. Representations of quivers. We apply the results of the previous section to repre- 
sentations of quivers, in particular we prove Theorem 11.31 

Let Q be a quiver with vertex set /, set of arrows A, and let h,t : A ^ I denote the head 
and tail functions respectively. If a G N^, the space of representations of Q of dimension 
vector a is 

Rep{Q,a) = ^Mat{ah(a) x at(a),C). 

The group 

G(«) = (nGL(a„C))/C" 

acts by conjugation on Rep{Q,a). It is clear that Rep{Q,a) classifies representations of 
the path algebra CQ of dimension vector a, and that the G(a)-orbits are the isomorphism 
classes of representations. 
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5.2. Moment map. Given a G N^, Rep(Q, a) is an affine space. Let Q denotes the double 
of Q obtained from Q be adjoining a reverse arrow a* : j ^ i for each arrow a : i ^ j m A. 
We denote the set of arrows in Q by A. Through the trace pairing, 

Rep(Q,a) = ^Mat(aft(a) x at(a),C) © ^ Mat(a,,(„,) x at{a*)X) 

aeA aeA 

is the cotangent bundle of Rep((5, a). There is a canonical symplectic form on Rep((5, o) by 

u{{Ba,Ba^), (C„,a.)) = ^ -tr5,*a + tra*5, 

aeA 

for all (5,, 5,0, (Ca, ^^aO e Rep(Q, a)^ 

The action of G{a) extends to Rep((5, a) and preserves the symplectic form. By Theorem 
13.31 this action is Hamiltonian and one can easily verify (see [71 Page 258] for example) that 
the corresponding moment map is 

/Xa : Rep((5,a) — > End(a)o, Ha{Ba,Ba*)i= ^ BaBa* - ^ Ba*Ba 

aeA,h{a)=i aeA,t{a)=i 

where 

End(a)o = {9 e 0Mat(ai x ai,C) ■ J]tr(ei) = 0} ^ (LieG(a))*. 
iei iei 
The isomorphism End(a)o = (LieG(Q;))* is obtained via the trace pairing and is G(a)- 
equivariant. 

Given A G with X ■ a = 0, there is a G(a)-invariant element of End(a)o whose ith 
component is AJdo.. The corresponding Marsden-Weinstein reductions are 

Ar{X,a)=fi-\XddaJ//G{a). 

5.3. Given A G C'^ define the deformed preprojective algebra 



where [a, a*] = aa* — a*a. This algebra is independent of the orientation of Q. If a G is 
such that A ■ a = then the representations of Ux of dimension a can be G(a)-equivariantly 
identified with /x^^(A). By a result of Artin, 01 Section 12], Af{X, a) classifies the isomorphism 
classes of semisimple representations of IIa of dimension a. It is known if A ■ a 7^ then IIa 
has no representations of dimension a, [71 Theorem 1.2]. 

5.4. Stratifying Af{X,a) by representation type. Recall the variety 7\/'(A,a) classifies 
semisimple IlA-modules. If M is a semisimple IlA-module then we can decompose it into its 
simple components M = M®^^ © ■ ■ ■ © M®^^ where the Mt are non-isomorphic simples. If 
is the dimension vector of Mt, then we say M has representation type 

which is defined up to permutation of the entries (/cj, Z?*-*^). Let r = (/ci, . . . ;kr, P^^^) and 
let TZr be the subset of Af (A, a) with representation type equal (up to permutation) to r. We 
shall refer to the stratification A/" (A, a) = Ut -R-tt^S stratification by representation 

type for M (A, a). Recall the stratification by orbit type from 14.51 
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Theorem. The stratification by representation type is equal to the stratification by orbit type, 
that is, for each r, IZr = A/" (A, a)^ for some u E T. 

Proof. For any quiver Q, the proof of Theorem 2] shows that the stratification by repre- 
sentation type of Rep(Q, a)/ / G(a) is equal to the stratification by orbit type. Since G{a) is 
reductive one can identify /iQ^(A)// G(a) with a closed subvariety of Rep{Q, a)/ / G{a). To 
conclude we note that the subsets 7?,r,A/'(A, a)^^ are obtained by intersecting /^^^(A)/ / G(a) 
with the corresponding representation type and orbit type strata, respectively, of Rep((5, a)// 
G(a). □ 

5.5. Hyper-Kahler structure. Following Nakajima, j25| Section 3] and j24t Section 2], we 
describe the hyper-Kahler structure of Rep(Q,a), see 14.11 We consider the (real) manifold 
Rep{Q,a). Let / denote the complex structure given by multiplication by ^/^. We define 
a Hermitian inner product on Rep((5, a) as follows. For each vertex i we give each C"' the 
standard Hermitian inner product. We get a Hermitian inner product on Mat(aj x ai) by 
{B, C) = tr^BC'^) for all B,C E Mat(Q;j x ai) (we use f to denote the Hermitian conjugate). 
Extending this to the whole of Rep(Q, a) yields a Hermitian inner product, (— , — ). Taking 
the real part of (— , — ) yields a real inner product which is invariant under /. We get further 
M-linear maps by 

J{B,,B,,) = {Bl,-Bl),K=-JI 

and it is a straightforward check that P = .P = K"^ = UK = —Id. Thus Rep(Q, a) is a 
hyper-Kahler manifold. 

In the notation of 14.21 we have a real symplectic form ooi and a complex symplectic form 
Lj. This complex symplectic form is the same as the one defined in 15.21 above. Let K{a) = 
ITfeG/ ^ maximal connected (real) subgroup of G(a). Then K{a) and G(a) act 
linearly on Rep(Q, a) and preserve Ui and u respectively. In this situation the complex 
moment map fi from 14.21 equals /Iq, from 15.21 

5.6. We have established that Rep{Q,a) satisfies all of the hypotheses of Section HI so we 
can apply all of the results therein. In particular we can prove Theorem 11.31 

Proof of Theorem \l.!A By Proposition l4.9l the symplectic leaves of A/'(A, a) are the orbit type 
strata, and by Theorem 15.41 the orbit type strata equal the representation type strata. □ 

5.7. Roots. Let Q,A,I,h,t be as in 15.11 Our goal is to use Theorem 11.31 to describe the 
symplectic leaves of certain deformed quotient singularities. Given that the leaves of A/'(A, a) 
are described by representation types it is clear that we will need more information about 
the dimension vectors of simple representations. This leads us to the notion of root vectors 

of g. 

Elements of are vectors and we write for the coordinate vector at vertex i. We say 
that a vector a has connected support if the quiver with vertices {i G / : 7^ 0} and arrows 
{a E A : ah(a), at(a) 7^ 0} is connected. We partially order via a > /? if > A for all i, 
and we write a > (3 to mean that a > f] and a ^ f3. A vector a is positive if a > 0, and 
negative if a < 0. For any subset X C we denote the positive and negative roots in X by 
X"*" and X~ respectively. We shall denote the standard inner product of x,y E hj x ■ y. 
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The Ringel form on is defined by 

iel aeA 

Let {a,P) = {a,P) + {P,a) be its symmetrisation. Define 

p{a) = 1 + ^ ttt(a)tt/i(a) - a ■ a = 1 - ^{a,a). 

The fundamental region, JF, is the set 7^ a G with connected support and with 
{a,ei) < for every vertex i. If i is a loopfree vertex (so p{ei) = 0), there is a reflection 
Si'.TL^^ 7L^ defined by 

Si[pt) = a - (a,ei)ej. 

The real roots, Re, are the elements of which can be obtained from the coordinate 
vector at a loopfree vertex by applying a sequence of reflections at loopfree vertices. The 
imaginary roots, Im, are the elements of Z'^ which can be obtained from JF U — JF by a 
sequence of reflections at loopfree vertices. For a quiver without loops it is easy to see that 
a G Re implies that p{a) = 0. The set of roots is R = Re U Im. For A G we set 
Rx = {a e R: X-a = 0}. 

5.8. Simple dimension vectors. For a representation type r = {ki,P^^'>; . . . ; kr,P^'^^) (as 
defined in 15. 4j) . Crawley-Boevey proved the following 

Proposition. jTl Theorem 1.3] IfTZr 7^ then TZr is an irreducible locally closed subset of 
M (A, a) of dimension Yl\=i 2p(/5*"*'') ■ 

In order to understand A/'(A, a) further we shall need to describe the dimension vectors of 
simple IlA-modules. Let i?^ be the set of positive roots f3 with /5 ■ A = 0. 

Theorem. [7, Corollary 1.4] For A G C'^ and a the following are equivalent 

(1) There is a simple representation ofT\.\ of dimension vector a; 

(2) a G R'l and p{a) > Ylt=i /^'^ ^''^V decomposition a = (3^ + ■ ■ ■ + (3^''^ with r > 2 
and G Rl. 

In this case Af{\, a) is an irreducible variety of dimension 2p{a) and its general element is 
a simple representation ofUx. 

Henceforth we will let denote the set of dimension vectors of irreducible representations 
of IIa, that is, vectors satisfying condition (2) of the above theorem. 

5.9. Decomposition theorem. Let A G C'^ and let Ni?^ denote the set of sums (including 
zero) of the elements of the set Rl^. Let a G Ni?^. Define 

{r r 
^p(/3W) -.0 = ^2 ^i^^ ^ 4 ■ 

t=i t=i J 

The following theorem of Crawley-Boevey reduces the study of general A/'(A, a) to the case 
where a G S^. For any variety, X, let Sym"X denote the n*'* symmetric product of X. 

Theorem. [8, Theorem 1.1] Let \ e and a E Ni?^. Then 
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(1) There is a unique decomposition a = a^^^ + ■ ■ ■ cr^^"' with cr^*) G for all t, such that 

i«Ia = e:=ip(^^*))- 

(2) Any other decomposition of a as a sum of elements of Sa is a refinement of this 
decomposition. 

(3) Collecting terms and rewriting this decomposition as a = Ylt=i f^tO'^^^ where a^^\ . . . , cr*-*-' 
are distinct and mi, . . . , are positive integers, we have 

s 

X{X, a) = JJ Sym™' Af{X, a^). 
t=i 

In particular Af{X, a) is irreducible of dimension 2\a\x- 

5.10. The smooth locus of Af{X,a). Using the above theorem we can determine whether 
A/'(A, a) is smooth. The theorem below is known: for a G S^, Le Bruyn has proved that 
the smooth locus of Af{X,a) is the stratum of representation type (l,a), Theorem 
3.2]. For general a with decomposition a = a^^^ + ■ ■ ■0"*^'^'' as in Theorem 15.91 (1), collecting 
terms we have J\f{X,a) = ]^^^-^ Sym™* A/'(A, cr*^*-'). Then one observes that for any affine 
algebraic variety, X, with Dim X >2, the smooth locus of Sym^X is the set {[xi, . . . : 
the Xi are smooth points in X and Xi ^ Xj for alH 7^ j}. It follows that the smooth locus of 
M{X, a) is the stratum of representation type (1, a^^^; cr^^^). We give a proof utilising 
Theorem 11.31 

Theorem. Let A G C'^ and a G ^Rx- The smooth locus of f/{X,a) coincides with the 
stratum of representation type (1,0"^"^^; . . . ; 1,0"^''^), where a = a^^^ + ■ ■ -a^^^ is the unique 
decomposition from Theorem \5.iA (1). 

Proof. Let r = (1, o"^^-*; . . . ; 1, o"'^''^), then Dim IZr = Dim A/'(A, a) by Proposition 15 . 81 and The- 
orem EiH (3). Therefore TZr = Af{X,a) because both varieties are irreducible. By Theorem 
11.31 and [3, Proposition 3.7], TZr is the smooth locus of M{X, a). □ 

In particular, we have established that the smooth locus of A/'(A, a) is always symplectic. 

5.11. For convenience we spell out how to determine whether A/'(A,q;) is smooth in terms 
of roots of Q. We write a = a'^^^ + ■ ■ ■ a^^^ = X]i=i ^i<^^^\ by collecting like terms. 

Corollary. A/'(A, a) is smooth if and only if a = Yll=i is the only possible decompo- 

sition of a as a sum of elements ofHx and for each i, p{a'^^^) > implies that rui = 1. 

Proof. By the theorem, J\f(X,a) is smooth if and only if (l,cr'^^^; . . . ; 1,0"*^^'-') is the unique 
representation type. The result follows from the lemma below. □ 

Lemma. |7i Page 260] Let /? G S^. If p{f3) = then there is a unique simple representation 
of Ux with dimension vector (3 (up to isomorphism); if p{l3) > then there are infinitely 
many non-isomorphic simple representations with dimension vector (3. 

5.12. Symplectic leaves. We also show how to work out the symplectic leaves of A/'(A, a). 
These are equal to the representation type strata by Theorem 11.31 and so this task amounts 
to finding each of the possible decompositions of a as a sum of vectors in and listing the 
representation types arising out of each decomposition. 

For a decomposition 

a = "-171 + • • • ris^s + rni(3i H h mt(3t (3) 
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where ji, Pj G Sa for all piji) = and p{Pj) > for all the corresponding repre- 
sentation types of Af{\, a) are labeled by t-tuples of partitions. More precisely, let Pj be 
the set of partitions of mj for each j, and for any a G Pj denote its length by 1{(t). All the 
representation types coming from are parametrised naturally by Pi x ■ ■ ■ x P^, thanks to 
Lemma 15 .111 For each (ai, . . . , cr^) G Pi x • ■ ■ x Pj we denote the corresponding representation 
type by 

T((Ti,...,(Tt)- Then Dim "^tj^^ ... — '^'^i=iK'^i)pWi) Proposition 15^81 

5.13. Extended Dynkin diagrams. We give a useful lemma which applies to the quivers 
we consider in the proof of Theorem 11.41 Let Q be an extended Dynkin diagram (see [Sj), 
oriented to have no cycles (this is no restriction since the deformed preprojective algebras 
are orientation independent). 

Let 6 be the minimal positive imaginary root. Then 6 is isotropic, that is, {6, 6) = and 
furthermore [6, e^) = for all k E I. Any vertex for which 5^ = 1 is called an extending 
vertex - extending vertices always exist. We can relabel the vertex set / so that is an 
extending vertex. All real roots satisfy (a, a) = 1. 

Let Q' be the quiver obtained from Q by adding a vertex oo and one arrow from to this 
vertex. We'll use apostrophes to denote data associated with Q'. 

Lemma. Let n G N. Then 

(1) p'{eoo + n5) = n. 

(2) If too + nS = P^^^ + ■ ■ ■ + P^'^\ where the P^^^ are positive roots, then Ylt=iP'(f^^^^) — 
p'i^oc + nS), with equality exactly when all but one of the P^^^ are equal to 5. 

Proof. 

(1) This is a direct calculation, p'(eoo + n6) = 1 — |((eoo,eoo) + 2(n5, eoo) + {n6,n6)) = 
1- |(2-2n + 0) =n. 

(2) This is [3 Lemma 9.2]. 

□ 

6. Calogero-Moser space 

6.1. We now begin the proof of Theorem 11.41 which will occupy this and the subsequent 
section. We fix notation for the remainder of the paper. Let n be an integer greater than 1. 
Let {L,ujl) be a 2-dimensional symplectic vector space, and F < Sp(L) = SL(2,C) a finite 
subgroup. Let x,y E L he a. symplectic basis and let R be the regular representation of F. 
Consider the set, C, of all functions F \ {1} C which are constant on conjugacy classes; 
we identify this set with where d + 1 equals the number of conjugacy classes in F. For 
c G and Ci G C, we shall write c = (ci,c). 

As a F-module, P" decomposes into a sum of irreducible representations: 

d 

2=0 

where the Si are the irreducible modules of F and 6i = Dim Si. We shall assume that 5*0 is 
the trivial module. It is clear from the above that one can identify the group Autr(P") with 
G{n5) = nf=o GL(n5j, C), where 5 G N°'+^ is the vector with ith entry 5i. 
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6.2. Calogero-Moser space. Denote by er G Endr(i?) the projector onto the trivial rep- 
resentation. Let c e C and c G Endr(-R) multiphcation by the central element ^r\{i} ^^(7)7- 
Let O be the GL(?7,, C)-conjugacy class formed by all n x ra-matrices of the form P — Id, 
where P is a semisimple rank one matrix such that tr(P) = tr(Id) = n. Define 

Xc = {V G Homr(L,Endc(P")) : [V(s),V(y)] G ^Ci|r|0 ® er + Id®c}, 

where Ci G C and ici|r|C®er + Id(g)c C End(C") ® Endr(P) = Endr(C"(g)P) = Endr(P"). 

There is an action of G{n6) = Autr(-R") by basechange: let g G Autr(-R") and V G Xc, 
then ((yfo V)(x) = g'V{x)g~^ for all x G L. The action factors through (where we identify 
with {A ■ Id : A G C^}) so that G{n5) = G(n(5)/C^ acts on X^. The variety X^// G{nS) 
is called Calogero-Moser Space for r„. There is a discussion of this space in P!3l §11]. 

6.3. The vector space Homr(L, Endc(-R'^)) = (L*®Endc(-R'^))^ is symplectic with form cj^® 
tr, where tr is the symmetric bilinear form tr{(l),i/j) = tr{(j)ip) for 0, ^ Endc(-R'^). Clearly 
the action of G{n5) preserves this form. We can identify Endp(i?"') := {A G Endc(-R'^) : 
tvjinA = 0} with (LieG(n5))* via the trace pairing. One can check that [V(x),V(?/)] : 
j^n ig ^ r-map and that tr{[V{x),V{y)]A) = |(cul ® tr){A ■ V, V) for all V G 
Homr(//, Endc(-R'^)) and A G Endp(-R"). Therefore by Theorem 13.31 the action of G{n6) is 
Hamiltonian with moment map V ^— > [V(x), V{y)] and so Xc/ / G{n6) is a Marsden-Weinstein 
reduction and in particular is a Poisson variety. 

6.4. The shifting trick. We immediately note an equivalent form for X^. Let V G 

Homr(iv, Endc(-R'^)), and let x*,y* be a dual basis to x,y so that we can write V = 
x* ® + ® "0 for some 0, G Endc(-R"). Then [V(x), V(?/)] = (pip ~ 4'(p- In this way it is 
straightforward to check that [V{x),'V{y)] is the map 

where C is the F-map 

C : C L (g) L, C(l) = x®y-y(»x. 

By the adjunction of Hom and ® we have a G'(n5)-equivariant isomorphism between 
Homr(L, Endc(P")) and Homr(L ® P", R""). Therefore 

Xc//G{nS) = {V G Homr(L®P'^,P'^) : [V,V] G ^Ci|r|C> ® er + Id ®c}// G(n(5). 

We shall apply the shifting trick of Lemma EiH to the Calogero-Moser space Xc/ / G{n6). 
Let m = — |nci|r|. If m 7^ let Um be the GL(n, C)-conjugacy class formed by all n x n- 
matrices which are semisimple rank one and whose trace is equal to m. Set f/o = 0. Then 

Xc//G{n5) = {(V,P) G Homr(L®P",P")x?7^®er : [V,V] + P = 

1 (5) 
- -ci|r|ld®er + Id®c}//G(n(5). 
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6.5. Linearized Calogero-Moser space. Ultimately we shall show that Xd / G{n5) is 
isomorphic to one of the Marsden-Weinstein reductions for quivers described in Section |S| 
The Calogero-Moser space is also a Marsden-Weinstein reduction but is defined over coadjoint 
orbit which a larger than just a single point, the latter being the case for quiver reductions. 
Therefore we shall give a linearized version of Calogero-Moser space. Let 

Xc = {(V, /, J) e Homr(L ® i?", i?") © {R'f © {{Ryf : [V, V] + (/ © J) 

= -^ci|r| Id©er + Id©c} 

with the action of G{n6) on by basechange. There is a natural symplectic form on 
Homr(L © i?",/?") © (i?")^ © ((i?")*)^ (cf. Q given by cj((V,/, J), (V',/', J')) = {ujl ® 
tr)(V, V) - J(/') + J'(/) = tr[V, V] - J(/') + J'(/). The action of G{n6) preserves this 
form so by Theorem 13.31 the action is Hamiltonian. One can easily verify that the map 
p : (V, /, J) I— > [V, V] -|- (/ © J) is the moment map for this action. Therefore the space 
Xc/ 1 G(n5) is a Marsden-Weinstein reduction. 

6.6. The vector space (i?")^ is equal to Sq = C". We form the symplectic vector space 
(i?")^©((i?")*)^ with the obvious action of GL(n, C) preserving this form. The corresponding 
moment map z/ : (i?")^ © ((i?")*)^ — >• qI^ given by {I, J) i— > / © J is GL(n, C)-equivariant 
and Poisson by Proposition 13.11 Here, as usual, we identify g[„ with its dual via the trace 
pairing. Recall that m = — |nci|r|. 

Proposition. There is an isomorphism of Poisson varieties X^/ / G{n6) = X^./ / G{n6). 
Proof. Suppose first that ci 7^ 0. Taking traces of the defining equation of Xc, 

[V,V] + /© J= -ici|r|Id©er + Id©c, (6) 

yields trijn(J © J) = trii;n(— |ci|r| Id©er) + tiRnild^c) = m, since c is traceless on the 
regular representation. Therefore / © J G 0[„ is a rank one matrix with trace m (which 
implies that it is semisimple). 

Recall the notation and results from Example 13.41 In particular let W = C"' (B (C")* = 
{R^f © {{R"")*)^, and let p : W ^ C he the moment map for the C-action. Let Wm 
be the fibre ii~^{m). By the previous paragraph p~^( — |ci|r| Id©er + Id©c) C Homr(L © 
i?", i?") X Wm- The map p is constant on C^-orbits so induces a map p : Homr(L©i?", i?") x 
W™//C^ ^ End(n5) such that 

Homr(L © i?", i?") x (7) 

Homr(L © i?", i?") x W„//C^ -y^ End(n(5) 

commutes. Here ttcx is the orbit map for the action. Now, p is G(n5)-equivariant 
and so is ttcx. Therefore the fact that ttcx is surjective and p o -k^x = p imply that p is 
G(n5)-equivariant also. 
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On the other hand, recall the isomorphism t : Wm/ /C^ — Um from Example 13 .41 this is a 
Poisson GL(n, C)-equivariant isomorphism. We claim that the following diagram commutes 

Homr(L i?", i?") x W^/ /C" 

Idxt 

Homr(L ® i?", x f/„ ^ End(n(5), 

where t is the embedding Um * f/m®er C End{n6) and [— , — ]+i is the map taking (V, M) G 
Homr(L ® i?", i?") x Um to [V, V] + t{M). It follows from the surjectivity of ttcx and © 
that it suffices to show that p(V, /, J) = ([— , —] + l)o (Id x t) ottcx (V, /, J) for all (V, /, J) G 
Homr(L (g) i?", i?") x Wm- However, (Id x t) o ttcx (V, /, J) = (V, / J) which implies that 
([-, -] + i)o (Id X t) o TTcx (V, /, J) = ([-, -] + 0(V, J ® J) = [V, V] + / ® J = p(V, /, J) 
as required. Therefore p is a moment map for the G{n6) action by Lemma 13.51 Thus by 
(0) the map Id x t induces a Poisson isomorphism p-H-ici|r|Id®er + Id®c)//G(n5) ^ 
Xc/ 1 Qn{nb\ Furthermore the canonical isomorphism p~-'^(— |ci|r| Id (S>er + Id (8>c)/ / G(n5) = 
TTc X (P~ H - |ci I r I Id (g)er + Id ®c) ) // G(n5 ) = p-^ ( - i ci I F I Id (g)er + Id (g)c) // G (n5) is Poisson 
by Proposition 13.41 

Now suppose that ci = 0. Then 

Xe = {(V, /, J) G Homr(L ® i?", © (i?")^ © ((i?")*)^ : [V, V] + (/ © J) = Id ©c}. 

Consider the closed sub variety of Xc, 

Z = {(V,/,J)GXe:/ = J = 0}. 

It is clear that projecting onto the first component induces a Poisson isomorphism Zj j G(n(5) = 
Xc/ / G(n(5). Therefore we have the following diagram 

Xe// Ginb) ^ Z/l G{n5) ^ XJ/ G{n5). (8) 

By Proposition 17.51 there is a surjective algebra homomorphism 0* : OiXd j G(ri(5)) 
where the latter algebra is the centre of a symplectic reflection algebra for a wreath product 
and in particular has KruU dimension 2n, see 17.21 Therefore Dim Xc/ / G(n(5) > 2n. On 
the other hand Theorem I6.1UI and Lemma 16.81 which we shall prove below, imply that 
Xc//G(n(5) is irreducible of dimension 2n. Therefore ZjjGinS) = Xd / G{n5) and the 
result follows. □ 

6.7. We now make the connection between Calogero-Moser space for F„ and the quiver 
reductions from Section We shall use the notation introduced in 16.11 We can associate 
to F a graph in the following way. The McKay graph of F is the graph with vertex set 
/ = {0, . . . , (i} and the number of edges between i and j is the multiplicity of Si in Sj © L. 
This graph is extended of type A, D or E, so it is simply laced and in particular contains no 
double edges, see [5] for example. 

Let Q be the extended Dynkin diagram corresponding to F under the McKay correspon- 
dence, which is given by choosing an orientation of the McKay graph. Each vertex corre- 
sponds to an irreducible representation of F and we choose 5 G so that 6i = dimS'j for all 
i & I. This is the minimal imaginary root for Q (see 15.13]) . 
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Define a linear map 

A:C'^+i^C^ c=(ci,c)h^A(ci,c)fc = -^citr5,5^7 + trs, Yl ^^(^)(^) 

7er 76r\{i} 

= -^Ci|r|tr5^er + trs^c. 

Now consider the quiver Q' defined by adding a vertex oo to the quiver Q and adding one 
arrow from the vertex oo to the vertex 0. Let I' = JU{oo} and let A'(c) = {—X{c)-n6, A(c)) G 
C"^ . Then we have one of the Marsden-Weinstein reductions from Section |S1 defined on the 
quiver Q': 

MiX'ic),e^ + n6) = G ^Mat{n5h(a) x C) © Mat(n(5o x 1,C) 

© Mat(l X n5o, C) : Hns{x) + ij - ji = A'(c)}// G(eoo + n5). 

Remark. As noted in [7, Section 1] A/'(A'(c), eoo + n6) can be described as one of the quiver 
varieties defined by Nakajima, see (25|- 



6.8. We can calculate the dimension of this Marsden-Weinstein reduction. 

Lemma. A/'(A'(c), eoo + nS) is an irreducible variety of dimension 2n 

Proof. By Theorem 15.91 (3) we know that this variety will be irreducible and have dimension 
2n as long as eoo + ^5 is a sum of elements from -Ry(c) and that |eoo + '^5|a'(c) = Let 
P = ^oo + n6. One sees that (3 is in fact a root: (ej,/?) = for all i ^ {0, cxd}, (eo,/3) = 
(eo,eoo) = —1 and (eoo,/3) = 2 — n6o < 0. By the definition of |/?|a'(c) and Lemma 15. 131 (2). 
\P\\'{c) = p'iP) and, as noted in Lemma 15.131 (1), p'{P) = n. □ 

6.9. We state some results we shall need. Recall the map ( from 16.41 dually, the form ujl 
defines a F-map ul : L ^ L C By [TIH Lemma 3.1] if M and are CF-modules then 
there is an isomorphism 

Homr(L © M, iV) ^ Homr(M, L © A^); ^^ 0^ 

where 0^ = (1 © <;/>)(C ® !)• The next result is not quite the one proved in ^U], but the same 
proof works in our situation. 

Proposition. ^OJ Lemma 3.2] Let Q be a quiver whose underlying graph is a Dynkin graph. 
Then one can choose {6a : a E A} such that each is a basis of Romr {L^ St(a), Sh{a)) (ind 
for each a E A 

QaQa* = T^l5,(„) and 9^.6^ = -^Is 

dh{a) Ot{a) 

6.10. The idea of our proof of the theorem below is based on ^Hl Section 3]. 

Theorem. There is a Poisson isomorphism X^/ / G{n6) = H (A'(c), eoo + n5). 

Proof. There is an isomorphism G(eoo + n5) = G{n5) given by (l,5fj)/C^ ^ {gi) and we 
shall identify these two groups in what follows. We can identify {BJ^Y ^^"^ {{R^)*Y with 
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Mat(n(5o x 1, C) and Mat(l x uSq, C) respectively. In this way and by using the decomposition 
of i?"", (4), we can describe 

Homr(L ® R', i?") © {R'f © {{R^Yf 

as 

d d 

Homr(^L®^i®C"'^%^^i®C"''0©Mat(n(5o x l,C)©Mat(l xn(5o,C). 

Now the definition of Q from 16 .71 allows us to identify this space with 
^ Homr {L® St{a),Sh{a)) ® Mat {n5h{a) x n5t{a) , C) 

a^A (9) 

© Mat(n(5o x 1, C) © Mat(l x uSq, C). 

For each arrow a G A we choose a 9a G Homr(Iv ® St{a), Sh{a)) as in Proposition There 
is a G(n5)-equivariant isomorphism of vector spaces, from 

M&t{n6h(a) X n6t(a)X) © Mat(n5o x 1, C) © Mat(l x n5o, C) 
to Q given by 

^((fi„),?,j) = ((ea®5„),z,j). 

The isomorphism G(eoo + n6) = G{n6) gives an isomorphism End(eoo + n6)o = End(n5); 
(Moo, (Mi)) ^ (Mi). As noted in Owe can identify the groups G{n6) and Autr(-R") and 
this yields an isomorphism of Lie algebras End(n5) = Endr-R"; (Mj) ^-^ (Ids. ® Mj). Thus 
we have an isomorphism 

End(eoo + n5)o = Endr R". (10) 

We claim that {{Ba),i,j) G /i7j+„5(A'(c)) if and only if ^((5^), i, j) G Xe. Let {{Ba),hj) G 
/i7^+„5(A'(c)). In the isomorphism (fTUI) the image of A'(c) is 0^^^ 5m(— |ci|r|Id©er H-Id® 

c)|5„®C"'5™ ^ Endr-R". Thus to prove that \I'((_Ba), z, j) G Xc we need only verify that for 
each G /, 

[(9, ® 5a), (Ga © Ba)]|5^^c"*. = ^1^^ ® ( E - E ^»*^")- 

aGQ,h{a)=k aGQ,t{a)=k 
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Let Tk (S) Vk e Sk (S) C"-^", then 

[{Qa ® Ba), (Qa ® Ba)]{rk Vk) = (9 (g) Ba) O (Id ® (O^ ® y - y x) fk Vk) 

t{a)=k t{a)=k 

= ^ Qb{x &a{y ® Tk)) Bb{Ba{Vk)) 

aeA, b£A, 
t{a)=k t{b)=h{a) 

- J] Qb{y®Qa{x®rk))®Bb{Ba{vk)) 

i(a)=fc t{b)=h{a) 

aSA, 6gA, 
t{a)=k t{b)=h(a) 

(11) 

Because [(0a ® Ba), (6a ® -Ba)] is a F-map we must have that the 6's appearing in (fTT|l have 
/;,(6) = k and since Q is a simply laced quiver it follows that b = a*. Therefore (fTT|) equals: 

[0a* ® ® ^^fc) - 2/ ® 0a(x ® rfc))] ® 5a. (BaiVk)) 



aeA, 
t(a)=k 



Y [0a* (1 ®<S)a){x®y®rk-y®X® Tk)] ® Ba.{Ba{Vk)) 



agA, 
t{a)=k 



J2 'S>a'Qiirk)®Ba*iBaivk)). 



aeA, 
t(a)=fe 

Now by Proposition 16.91 this equals 

(^l5, ®( Yl BaBa*- Y Ba^-Ba)){rk®Vk), 
^ aeA,h{a)=k aeA,t{a)=k 

as required. On the other hand, the above calculation shows that if '${{Ba),i, j) G Xc then 
for all A; G / we have fi^^^n5{{Ba),i, j)k = A(c)fc. It remains to show that —ji = — A(c) • n6. 
We note that He^+ns{{Ba),hj) = fJ-nsiBa) + ij - ji- Now since ^nsiBa) is traceless on 
0fcg/ C""^' we get ji = tr ij = tr (finsiBa) + ij) = tr A(c) = A(c) ■ n6. 

Therefore \l/ induces an isomorphism of /^^^^^(^'(c)) to Xc, and since is equivariant 
for the group actions we get an induced isomorphism 

^ ■.Af{X'{c),eoo + n6)^Xj/G{n6). 

We show that ^ is Poisson. For all {{Ba),i,j), {{B'J,i',j') e Rep(Q', eoo + n6), 



UJ 



{{Ba),t,j),m),z',f)) = Y{ Y -tHBa^B'J+ Y ^^{B:,Ba))+tr{j'r-p') 



kel a£A;t{a)=k aeA;h{a)=k 
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which by an easy modification of the calculations above is equal to 

kei 

By the description of the symplectic form on Homr(-L ® R^^R^) © (i?")^ © ((i?")*)^ from 
16.51 it follows that \1/ intertwines symplectic forms. Thus by Proposition 13.41 is a Poisson 
isomorphism. □ 



7. Symplectic reflection algebras 

7.1. Definition. Let {L,ujl) be as in 16.11 The wreath product r„ = x F" acts on 
V := L®" = C" ® i^, preserving the symplectic form u = tu^. 

We say that 7 G r„ is a symplectic reflection if Dim(l — 'j)(y) = 2. Let S denote the set 
of all symplectic reflections. Let c : 5" ^ C; 7 1— be constant on conjugacy classes. Given 
7 G 5" define the form tu^ on V to have radical ker(l — 7) and to be the restriction of u on 
(1-7)(V). 

Let TV be the tensor algebra of V. The symplectic reflection algebra He is the C-algebra 
defined as the quotient of the skew group ring TV * r„ by the relations 

for all v,w & V. 

Usually, symplectic reflection algebras depend on a further parameter t G C. The definition 
above is the t = case. 

7.2. The geometry of the centres. Let denote the centre of H,.. By the PBW theorem 
[T^ Theorem 1.3], GKdimifc = 2n. He is a finitely generated module over Z^., [THl Theorem 
3.1], and it follows that GKdimZc = 2n. By the Artin-Tate Lemma, j2Sl Lemma 13.9.10], 
Zf. is a finitely generated algebra over C; also, it follows from Theorem 3.3] that Z^ is a 
domain. Thus, Max Zc is an irreducible variety of dimension 2n, and since Max Zq = V/Tn 
the varieties Max Zc form a fiat family of deformations of the symplectic quotient singularity 
V/^n, 13 Theorem 3.1]. The case n = 1 is the Kleinian singularity case and that is dealt 
with in detail in j3]. 

By |13| Section 15] the algebras Z^. have a Poisson bracket which is a deformation of the 
bracket on (9(V^/r„). Our interest is in determining for which values of c the varieties Max Zc 
are smooth, and in the singular cases calculating the symplectic leaves, which have a leading 
role in the representation theory of He- 

7.3. Symplectic reflections. We list the symplectic reflections of for n > 1. Given 
7 G F, we write 7^ G F„ for the element 7 regarded as an element of the i-th factor F. 
Let Sij G Sn denote the transposition swapping i and j. Then the group F„ is generated 
by the symplectic reflections Sij and ji. The conjugacy classes of symplectic reflections in 
F„ < Sp(V) are known to be of two types: 

(1) The set {sij ■ 7i ■ 7^"^ : i,j G [1,^],^ ^ E F} forms a single F„ conjugacy class; 

(2) The set {ji : i E [l,n],7 G C} forms one F„ conjugacy class for any given conjugacy 
class, C, in F \ {1}. 
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In particular, we can identify the set of class functions S ^ C with C^~^^ where c? + 1 is 
the number of conjugacy classes in F. Therefore the flat family of (centres of) symplectic 
reflection algebras is parametrised by elements c G C''"'"^. We will assume that c = (ci,c) 
where Ci G C corresponds to the conjugacy class (1) above and c G corresponds to class 
functions T \ {1} ^ C cf. O 

7.4. Let Max Zc be the variety associated to He as in 17.21 The theorem we now prove is 
based very closely on fSl Theorem 11.16]. We make use of Lemma 11.15 in ^Hj as in the 
earlier proof, but a check shows that ci should be replaced by |ci. This accounts for the 
discrepancy between our definition of Calogero-Moser space, Xc/ / G{nS), given in 16.21 and 
that given in IT^, Definition 11.5]. 

Theorem. MaxZc andXd / G{n5) are isomorphic as Poisson varieties (up to nonzero scalar 
multiple). 

Proof. We first show that Xd / G{n5) is isomorphic to MaxZc. Our argument follows that 
of fSl Theorem 11.16] which proves that these varieties are isomorphic for generic values of 
c. We show that the generic hypothesis can be removed. 

Let Repr^(-ffc) be the variety of ifc-niodules which are isomorphic to the regular repre- 
sentation of r„. Let e G Cr„ be the symmetrising idempotent. Given M G Repp^(ifc)5 eM, 
the space of r„ fixed points, is a one dimensional subspace of M fixed under the action of 
Zc- This induces a morphism of algebraic varieties 

TT : Repr^(i7c) — > MaxZc; M ann^^(eM) 

The group Autr„(Cr„) acts naturally on Repp^(iJc)- By [T31 Theorem 3.7] there is a 
unique irreducible component Repp^(ifc) of the variety Repp^(ifc) whose image is dense in 
Max Zc and whose generic point is a simple ifc-module. Moreover, there is an isomorphism 

TT* : — > C(Rep°Ji7e))^"*^"^^^"^. 
On the other hand, thanks to pp.311], there is a morphism 

V':Repp„(//e)^Xe. 

This morphism is obtained as follows. Let Sn-i x F""^ = r„_i < r„,, where Sn-i fixes the 
label 1 G {1, . . . , n}. Then, for v E L, the element Vi = {v,0, . . . ,0) G L®^ C He commutes 
with r„_i. Let M G Repp^(ifc), and consider the r„_i fixed points M^"-^ C M. We have 
a F-equivariant map 

Vm-L^ Endc(M^"-i); v ^ Vi\j,,jr„_,. 

Now sends M to Vj\/. By [THl Lemma 11.15] this is a well-defined map from Repp^J//c) 
to Xc. 

The morphism ip intertwines the Autp„(CF„) and G{n6) actions, and hence induces a map 

0* : C(Xe// GinS)) — > C(Rep° Ji/e))^"*^"^^^"^ = (12) 
By Proposition 17. 5l below 0* is surjective. However, the proof given in |T3j that 0* is injective 
requires the generic hypothesis on c. We circumvent this in the following way: by combining 
Lemma 16.81 Proposition 16.61 and Theorem 16. 1(JI we have that Xc/ / G{n6) is an irreducible 
variety of dimension 2n. The variety MaxZc is also irreducible of dimension 2n and therefore 
the surjective morphism 0* must be injective also. Therefore Xc/ / G{n6) = MaxZc. 
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To see that this isomorphism is Poisson (up to nonzero scalar multiple) we simply note 
that the penultimate two paragraphs of ^3 Lemma 11.18] apply word-for-word: the map 0* 
is a filtration preserving isomorphism, and the Poisson bracket on Xc/ / G{n5) has filtration 
degree < 2 (in the sense of JSl Page 267]). Therefore, by jl3| Lemma 2.26], 0* is Poisson 
up to nonzero scalar multiple. □ 

7.5. There is a result used in the proof of Theorem 17.41 which we require in the proof of 
Proposition 16.61 The proof given in can be applied verbatim to our situation. 

Proposition. [ISj Theorem 11.16] The algebra homomorphism (p* from / liii)) is a surjective 
map. 

One consequence of Theorem 17.41 is that the isomorphism MaxZc = Xc/ / G{n6) maps 
symplectic leaves to symplectic leaves, |221 Lemma 3.4]. 

8. Examples 

8.1. The symmetric group. We calculate some examples of Theorem ll.4[ working out 
for which values of c the variety MaxZc is smooth. By [3j Proposition 3.7 and Theorem 
7.8], MaxZc is smooth if and only if it is symplectic and so there will only be nontrivial 
leaves when MaxZc is singular. In these cases we work out the number and dimension of 
the symplectic leaves. We refer the reader to the notation introduced in 17.11 

The simplest case to consider is when the group F is trivial, that is, where the there is 
only the symmetric group Sn acting by its permutation representation on (C^)*^. Then the 
parameter c is simply a complex number. For generic values of c the variety MaxZc is 
smooth by Corollary 1.14]. It is clear from the relations that Htc = He for all t 7^ 0, 
thus Max Zfc = Max Zf. and we deduce that Max is smooth for all nonzero c. It is possible 
to show that in this case MaxZc is isomorphic to x Max3c! where 3c is the centre of the 
rational Cherednik algebra (at t = 0) of type A„_i, see [131 Section 4]. 

8.2. The hyperoctrahedral group. The next simplest case is F„ = x (Z2 x ■ ■ ■ x Z2) 
where we identify Z2 with < 7 = — Idc2 >. We consider the family of varieties MaxZc 
where the deformation parameter is given by two variables c = (ci, c^), corresponding to the 
conjugacy classes of symplectic reflections in F„ ()7.3|) . Here MaxZc is isomorphic to Max 3c 
where 3c is the centre of the rational Cherednik algebra of type B„. 

Theorem 11.41 gives us MaxZ^ = A/" (A'(c), eoo + n6) and this isomorphism identifies sym- 
plectic leaves. The latter is the Marsden-Weinstein reduction associated to the quiver 

Q' : 00 ^ 1 

with dimension vector eoo + n6 = (1, n, n) and at parameter A'(c) = {nci, — Ci + c^, — c^) (see 
16. 7|) . We note that it is well known that the variety MaxZc is singular when c equals zero 
and its symplectic leaves have been calculated, [21 Proposition 7.4]. We omit the proof of 
the following theorem, details of which can be found in the author's PhD thesis. 

Theorem. Let MaxZc he as above and assume that c 7^ (0,0). Then 

(1) MaxZc is singular if and only z/ci = or = ±mci for some integer, m, such that 
< m < n — 1. 
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(2) // ci = then the symplectic leaves o/MaxZc are parametrised by Pn, the set of 
partitions of n. For each a G P„, the corresponding leaf, has dimension 2l{cr), 
where l{a) is the length of a. 

(3) // c-y = ±mci for some < m < n — 1 then the leaves are parametrised by the set 
S = {k ^ Z>o : km + k"^ < n}. For k & S the corresponding leaf, Sk has dimension 
2(n — km — k"^). 

Remark. The behaviour of Max Zc when ci = is always analogous to that occurring in 
the above theorem. Denote by He the symplectic reflection algebra associated to the pair 
(L, ojl) acted on by the group V (see I6.1|) . with centre Zc- When ci = it is easy to calculate 
that He, the algebra deflned on the wreath product, F^, is isomorphic to ((S)n-^c) * Sn- 
Therefore one can see that Max Zc = Sym" Max Zc- This is identical to the behaviour of 
symplectic reflection algebras for wreath products in the case that t ^ 0, see |14j . 
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